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Improving the error term in the mean value of L(|, x) in the 

hyperelliptic ensemble 
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Abstract 

Andrade and Keating computed the mean value of quadratic Dirichlet L-functions at the critical 
point, in the hyperelliptic ensemble over a fixed finite field F g . Summing L( 1/2, \d) over monic, square- 
free polynomials D of degree 2g + l, the main term is of size \D\ log 9 |L>| (where \D\ = q 2a+1 ) and Andrade 

3 (2) 

and Keating bound the error term by \D\ ■i + 2 . For simplicity, we assume that q is prime with q = 1 

(mod 4). We prove that there is an extra term of size |D| 1,/3 log 9 \D\ in the asymptotic formula and 
bound the error term by |Z?p 4+e . 


1 Introduction 

In this paper, we study the first moment of quadratic Dirichlet L-functions at the critical point in the 
function field setting. Specifically, we are interested in 

X L (\iXd), (1-1) 

D£.'H2g+l 


when g —> 00 , where % 2 g+\ denotes the space of monic, square-free polynomials of degree 2<7 + 1 over F g [x]. 
Andrade and Keating [3] found an asymptotic formula for the first moment (EH), when the cardinality of the 
ground field q is fixed and < 7=1 (mod 4). They explicitly computed the main term, which is of the order 
gq 2g+1 , and obtained an error term of size gS( 3 / 2 + lo s, 2 ). In this paper, we consider the first moment when 
< 7=1 (mod 4) is prime for simplicity, and find that there is an extra term of size gq 2g / 3 in the asymptotic 
formula. Then we bound the error term in (11.11) by qrV 2 ( 1+e) f or an y e > 0. 

Theorem 1.1. Let q be a prime with q = 1 (mod 4). Then 


X L (bXD) 

D£'H2g+l 


E2L 29+ i 

2C(2K 


(2g + 1 ) + 1 + 


4 C’ 
log <7 C 


(1) 


+ q^ ± R(2g + 1 ) + 0 (< 7 s/2(1+e) ), 


where TL 2 g+i denotes the space of monic square-free polynomials of degree 2g + 1 over F g [x] 

p I 1- Tipd 


C(s) = U l~ 


(imw 


£ is the zeta-function associated to F g [x] and R is a polynomial of degree 1 that can be explicitly computed 
(see formula (|6.13[l .) 
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Finding asymptotics for moments of families of L-functions over number fields is a well-studied problem. 
Considering the family of quadratic Dirichlet L-functions, Jutila m computed the first moment in 1981. 
He proved that 


E 

0 <d<D 


p( i) 

4C(2) 


D 


log(D/n) + E(i/4) + 4y - 1 + 4^-(l) 


+ 0(U 3/4+£ ), 


where 

p(s)= n ( x ■ (p+iv) ■ 

Goldfeld and Hoffstein [8] improved the error bound to £) 19 / 32 + e . Young [22] considered the smoothed first 
moment and showed that the error term is bounded by D l / 2+t . 

The remainder term for the first moment of quadratic Dirichlet L-functions is conjectured to be of size 
£)l/4+e 

in [T|. Our approach in bounding the remainder over function fields is similar to Young’s method 
in [22] . but in our setting, we are able to go beyond the square-root cancellation. 

Jutila ini also computed the variance, and Soundararajan m computed the second and third moments, 
when averaging over real, primitive, even characters with conductor 8 d. It is conjectured that 

E* L (bXd) k ~ C k D(\ogD) k ^/\ 

0 <d<D 


where the sum is over fundamental discriminants. Keating and Snaith m conjectured a precise value for 
Cfc, using analogies with random matrix theory. There is another conjecture of Conrey, Farmer, Keating, 
Rubinstein and Snaith [5j for the integral moments, and the formulas include all the principal lower order 
terms. The conjecture agrees with the computed first three moments. 

In the function field setting, the analogous problem is to find asymptotics for 


1 

P-2g+l^q 


El > 

DGH 2g+l,q 


( 1 . 2 ) 


as \D\ = q de s( D ) oo, where T^g+i,? denotes the space of monic, square-free polynomials of degree 2g + 1 
over F g [:r]. Since we let \D\ —> oo, we can consider two limits: the limit q —> oo (and g fixed), or g — > oo (and 
q fixed). Katz and Sarnak [12], [13] used equidistribution results to relate the g-limit of (11.21) to a random 
matrix theory integral, which was then computed by Keating and Snaith ns- 

Here, we are interested in the other limit, when g —> oo and q is fixed. In analogy with the conjectured 
moments for the family of quadratic Dirichlet L-functions over number fields, Andrade and Keating [4] 
conjectured asymptotic formulas for integral moments of L(1/2,xd), for q fixed and g —> oo. In the recent 
paper [18] . Rubinstein and Wu provide numerical evidence for the conjecture in [4]. They numerically 
computed the moments for fc<10,c?<18 (where d = 2g + 1) and various values of q and compared them to 
the conjectured formulas. Their data suggest that the ratio of the actual moment to the conjectured moment 
goes to 1 as g grows. 

Note that we can also compute the shifted first moment +i L( - + a, Xd'J , when a is in a small 

neighborhood of 0. Working instead with the completed L-function A(s,xd) = q~ g ^ 1 ~ 2s ' ) L(s, xd) (which 
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satisfies the symmetric functional equations A (s,xd) = A(1 — s,xd) )> we can find asymptotics for 

-DG-H 29+1 

and we compute two main terms, one of size q 2 9+ 1 ~ a 9 and another of size q 2 s+ 1 + a 9 j and two secondary main 
terms, of size g( 2 9+“s)/ 3 and g( 2 9 _ “9)/ 3 . The error will be bounded by 0{q 9 ^ 2 ^ 1+t ' > ). 

Using ideas developed in this paper, we are also able to compute the second and third moments of 
L(1/2,xd) in the hyperelliptic ensemble, and the answer agrees with the conjecture in [4]. Computing 
higher moments is work in progress. 

For the hyperelliptic ensemble, we note the results of Entin, Roditty-Gershon and Rudnick [6], Faifman 
and Rudnick [7] and Kurlberg and Rudnick m- 

Acknowledgments. I would like to thank Kannan Soundararajan for many helpful discussions and for the 
suggestions he has offered throughout this work. Also, I would like to thank Julio Andrade, Jon Keating 
and Zeev Rudnick for useful comments on this paper. 

2 Preliminaries and background 

We first introduce the notation we will use throughout the paper and then we will provide some background 
information on L-functions over function fields, quadratic Dirichlet characters, and their connection to zeta 
functions of curves. 

Denote by A4 the set of monic polynomials in Fq[x], and by A4 n and M< n the sets of monic polynomials 
of degree n and degree at most n respectively. Let 'Hd denote the space of monic, square-free polynomials 
over Fg[a;] of degree d. For a polynomial / £ F 9 [:e], we will denote its degree by d(/), and its norm |/| is 
defined to be q d ^\ The letter P will always denote a monic, irreducible polynomial over F ? [:r]. 

2.1 Basic facts about quadratic Dirichlet characters over functions fields and 
their L-functions 

Most of the facts stated in this section are proven in El- For Re(s) > 1, the zeta function of F g [a;] is defined 

by -l 

|JF = n v 1 - ]pFJ ■ 

U 1 P monic v 11/ 

irreducible 

Since there are q n monic polynomials of degree n, we see that 

C(8) = (l-q 1 -)- 1 . 

We also find it sometimes convenient to make the change of variables u = q~ s , and then write Z(u) = C( s )j 
so that Z{u) = (1 — qu)~ l . 

Assume that q is an odd prime with q = 1 (mod 4). For P a monic irreducible polynomial, the quadratic 


«»)= E 

f monic 
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residue symbol (■£) £ {±1} is defined by 


( / ) = f (\P\-D/2 (mod p)j 

for (/, P) = 1. If P|/, then =0. If Q = P^P^ 2 ■... ■ P ^ r , then the Jacobi symbol is defined by 



The following formula is the analogue of the quadratic reciprocity law over function fields. If A, B £ F 9 [a:] 
are relatively prime, non-zero polynomials, then 

(J) = (Df-u^w. 


Since we are assuming that q = 1 (mod 4), the quadratic reciprocity law above gives (^) = (-j). We will 
use this fact several times throughout the paper. 

For D a square-free, monic polynomial, define the quadratic character 



For / monic, non-squarefree, we similarly define the character Xf-, which is given by the Jacobi symbol 
defined above. Consider the L-function attached to the character xd- 


L{s,Xd) 


E 

feM 


XdU) 

l/l s 


This converges for Re(s) > 1. With the change of variables u = q s , we have 

L(s,Xd) = C(u,Xd) = ^2 XD(f)u deeif) =Y[(l-XD(P)u dee(p) y 1 . 
f£M P 

Note that C{u,Xd) is a polynomial in u of degree at most deg(D) — 1. 

One can show that for d > 2, 

\Hd\ = g d_1 (9 ^ !)• 

If D £ 'H. 2 g+i, then C(u,xd ) is a polynomial in u of degree 2g, and it satisfies the following functional 
equation: 

£(u, Xd) = ( qu 2 ) 9 C(l/qu , Xd)- ( 2 . 1 ) 

There is a connection between L-functions and zeta functions of curves. For D £ 'H-2g+ 1 > the affine equation 
y 2 = D(x) defines a projective and connected hyperelliptic curve Cd of genus g over F 9 . The zeta function 
associated to Cjg is defined by 

( oo r 

^ jV r (Cz>)y 

r =1 T 
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where N t (Cd ) is the number of points on the curve Cd over F ? r, 
showed that 


Zc D (u) 


p C D (u) 

(1 - u)(l - qu) 


including the point at infinity. Weil m 


where Pc D (u ) is a polynomial of degree 2 g. Moreover, one can show that Pc D (u) = C(u,xd) (this was 
proven in Artin’s thesis.) Weil m also proved the Riemann hypothesis for curves over function fields, so all 
the zeros of C(u,xd) lie on the circle |w| = g -1 / 2 . 


2.2 Functional equation and preliminary lemma 

Using urn one can show the following exact formula for L( 1/2, Xd)- This is the analogue of the approximate 
functional equation in the number field setting. 


Lemma 2.1. LetD€ / H. 2 g+i- Then 


L (bxo)= 

f£M< g 


XdU) 

yffi 


Xp(f) 

fJu 9 -i vl/l 


Proof. See Lemma 1 in 0. □ 

Using Lemma 12.11 it follows that 

E E E E E (“) 

D6M 29+ 1 f£M<„ DG«2 9+ 1 Vo I De« 2j+ 1 VO I 

Now we prove the following lemma. 

Lemma 2.2. For f a monic polynomial in F 9 [:e], we have that 


J2 xdU)=J 2 J2 xfW-qj2 J2 x/W, 

D£'H2g+l C\f°° h€A42g+l-2d(C) C\f°° h£M. 2g -l-2d(C) 

where the first summation is over monic polynomials C whose prime factors are among the prime factors of 
/• 

Proof. Using the quadratic reciprocity law, since q = 1 (mod 4), we have that x_d(/) = Xf(D). Let 

A f(u) = ud(D) Xf(D). 

D square-free 
monic 


Using Euler products, we get that 


A f ( u )=na 

P\f 


d{F) Xf(P)) = C ^ Xf } = C ( u ’Xf) 


£{u\x)) 


Z(u 2 )Y[(l~u 2d(P) ) 
P\f 
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Since 


J|(l _ U W)-1 = £ u^C), 

P\f Cj/°° 

OO 

and Z{u 2 ) = (1 — gu 2 ) -1 and C(u, Xf) = ^ u l ^ Xf(h), the conclusion follows. □ 

2—0 h£A4i 

2.3 Outline of the proof 

The main term will come from the contribution of square polynomials / to (12.21) . just like in the number field 
case. We will express the sum over square polynomials / as a contour integral. The integrand will have a 
pole at u = 1 /q, and by shifting contours, we could express the main term in terms of the residue at u = 1 /q, 
plus an error of size q 9 ^ 1+e \ By simply enlarging the contour of integration, qs( 1+e ) seems to be the best 
error we can hope for, so instead we leave the main term in its integral form and look at the contribution 
from non-square polynomials / as well. In evaluating this term, we will use a form of Poisson summation 
over F 9 [x] . We will analyze the sum over square polynomials V (where V is the dual variable in the Poisson 
sum), and we’ll show how this term combines with the main term, which will allow us to calculate their sum 
exactly, with no error term. When evaluating the sum over square polynomials V, we find an extra term of 
size gq 2g / 3 . Evaluating the sum over non-square polynomials V will give an error of size qs/ 2 ! 1 ^ 6 ). 

In section 0 we will prove the Poisson summation formula over function fields, which relates different 
character sums. In section [5j we compute the main term. After using the Poisson summation formula, we 
consider the sum over square polynomials V, where V is the dual variable in the Poisson formula. We will 
evaluate this sum in section [G] In section [71 we bound the contribution from non-square polynomials V. 
We’ll show how the main term combines with the contribution from square polynomials V and we conclude 
the proof of Theorem 11.11 in section [5] 

We note that our approach is similar to Young’s method of getting square-root cancellation for the 
smoothed first moment in [ 22] . When evaluating individual terms, we can’t get a better error term than 
q9(i+e). however, by matching terms, we can prove that the error term is bounded by q9/ 2 ( 1 + e ). Note that in 
this setting, we can go beyond the square-root cancellation from the number field setting. This better result 
relies on repeatedly using the Riemann hypothesis over function fields and the fact that ( has no zeros, hence 
l/£, which appears frequently in our calculations, has no poles. This makes dealing with the square-free 
condition easier than over number fields and allows us to shift contours more than in the number field case, 
thus getting improved error terms. 

3 Poisson summation formula 

In this section, we will prove the Poisson summation formula. For simplicity, we assume that the cardinality 
q of F g is a prime and q = 1 (mod 4). We begin by recalling the exponential function introduced by D. 
Hayes, [9j. Each a € F g ((!)) can be written uniquely as 

- £ «(;)'■ 

2= —OO 
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with ai £ F g , and such that all but finitely many of the at with * < 0 are nonzero. One can define the 
following valuation 

v(a) = smallest i such that a* 7 ^ 0 . 

For a G F q ((i)) define the exponential (see 0]) 

e(a) = e 2Tiai/q , 


where ai is the coefficient of 1/x in the expansion of a. From [5], recall that for a,b £ F g ((X)), we have 
e(a + b) = e(a)e(b). Also, for A £ F g [x], e(A) = 1. If A,B,H £ F g [x] are such that A = B (mod H ), then 
e(A/H) = e(B/H). 

Now define the generalized Gauss sum 

G(u,x)= E x ^ e 

V (mod /) 

The main result of this section is the following Poisson summation formula for Dirichlet characters. 

Proposition 3.1. Let f be a monic polynomial of degree n in F g [x] and let m be a positive integer. If the 
degree n of f is even, then 

n m 

E Xf(g) = T7T 

g&Mm 1 

If n is odd, then 

„m 

E X/(3) = TT|V / 9 E G ( V ’Xf)- (3-2) 

g£Mm VGM n - m -1 


G(0, X/ )+ («-!) E G(V, Xf )- E G (^X/) 


yeAt <„_ m _ 2 


VGMn-m -1 


(3.1) 



Remark 1 . Note that when / = P is an irreducible polynomial, using the fact that G(V,Xp) = ( 77 ) jPI 1 / 2 
(which follows by using the next lemma), the formulas above agree with the formulas proven in Proposition 
7 in pi]. 

Before proving the proposition above, we first state the following lemma, which allows us to compute 

G(V, Xf ). 

Lemma 3.2. Suppose that q= 1 (mod 4). Then 

1. If (/, g) = l, then G(V, Xfg ) = G(y, X f)G(V tXg ). 

2. Write V = V\ P a where P \ V\. Then 


G(V, XP i) 


0 

if i < a and i odd 

HP 1 ) 

if i < u and i even 


if i = a + 1 and i even 

(£) ipi^ipi 1 / 2 

if i = a + 1 and i odd 

0 

if i > 2 + a. 
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Proof. This is analogous to Lemma 2.3 in [20] . 


□ 


Proof of Proposition \3.1\ Note that if m > n, then Y2geM m X/(flO = 0 if / is not a square, and X/(sO = 

g m ^jyp if / is a square. Combining this observation with the fact that G(0,x/) is nonzero if and only if / 
is a square, in which case G(0,x/) = (which follows from Lemma T3.2D . Proposition 13.II follows. 

Now assume that m < n. We will first prove the following more general Poisson summation formula, 
which holds for any character \ (mod /). If d(f) — n and m < n, then we will prove that 

Y x(g) = T 7 T Y G (^x)ef— J —J, (3.3) 

g&Mm d(V)<n-m -1 \ J / 

where the sum on the right hand side is over all polynomials v, not necessarily monic. Note that this form 
of Poisson summation also holds for character sums in intervals in F g [a;], as defined in na> and the proof is 
similar to the proof of (13.3D . For our purposes, considering the sum over monic polynomials is enough. 

We begin the proof of (13.3D by noticing that for any polynomial g in F 9 [x], 

x(g) = 4t Y e G (~ V 'X)- (3-4) 

V (mod /) X J / 

Indeed, using the definition of the Gauss sum, 

|4 E «(f)w4 E xM E <«> 

IJ 1 V (mod/) xJ / \J u ( mod j) V (mod/) V J 7 


If u ^ g, then 'Y 

V (mod 



v(g-u) ^ 


= 0, since we can pick a polynomial h such that 


^ h(g-u) ^ 


then 


hjg ~ u) 
/ 


E - 

(mod /) 


v{g-y) 

f 


= Y < 

V (mod /) 


(V + h)(g-u) 

f 


= Y ■ 

(mod /) 


( V(g 


V 


V / 


/ 0, and 



Hence the only nonzero term in (16.2D is given by u = <?, so (13.4D follows. 

For g G A4 m , we write g = x m + u, with d(u) < m — 1. Using (13.4D , we have 


E 

g&Mm 


1 



E G(-V, X )e 

(mod /) 




i4 E G(-V, X )e 

' d(V)<n-m-1 




TTf E G (- v -x)‘ 

n—m<d(y)<n— 1 




(3.6) 


Let be the first summand above, and S 2 the second. We first evaluate Si. When d(V) < n — m — 1 and 
d(u) < to — 1, we have e = an< ^ s i nce there are q m polynomials of degree less than or equal to m — 1, 













then under V i-» —V, it follows that 


= m E , 

U 1 d(V)<n-m -1 V J 


-Vx r 


(3.7) 


Now we’ll show that S 2 = 0. We write 


E 


Vu\ 


m— 1 q— 1 


= 1 + EE E e 


(Vu 


f j ' ^ ^ ^ “ V f 

d{u)<m- 1 x J ' 2—0 c=l uGcMi v J 


If i < n — 2 — d(V), then e = 1. If i > n — d(V), then e f ~T} = ^his f°U° ws from the 

u£cMi ' J ' 


more 


general fact that if a G F g ((-!)) and v{a) > 0, then 


E e ( au ) = 


q l e{cx l a ) if v{a) > i 


uGcAii 


0 


otherwise. 


For a proof of this, see Lemma 3.7 in [S], Since n — 1 — d(V) < m — 1, combining all of the above it follows 
that 

/ . n—2—d(V) q—l q-1 , 

E 6 (t)= 1+ £ E*‘ + E E e(y 

d(u)<m— 1 i=0 c—1 C— 1 LiGcA / t n _i_d(v) 

n—1—d(y) _ 1 

= l + (g-l)--—J- g »-i-«i(Y0 = 0) 


<7-1 


so S 2 = 0. Combining this with (13.61) and (Id. 3D concludes the proof of (13.3D . 
Now using (13.3D for \f a Dirichlet character, we get that 


E Xf(9) = 


gGM„ 


I/I 


G(0,Xf)+ E G(V,Xf)e(—j—)+ J2 G O^/) 


d(V)<n—m —2 


-Vx n 


d(V)=n—m— 1 


-Vx r 


(3.8) 


/ v _ / _T/ r m \ 

When rf(y) < n—m—2, we have e y V f m ) = 1, so ^ G(V,Xf)e( — 7 —J = ^ G(V,xf)- 

A(\7\^^ o \ J / A(\7\ ^ nn O 


We claim that 


d(V)<n—m —2 


d(y)<n—m— 2 


if d(/) odd 

E^ G ^Xf) - ^ ( g _ 1 ) ^ G(V,Xf) if d(/) even 


(3.9) 


d(V)<n—m —2 


and 


E G (^.X/)e 


d(V)=n—m— 1 


E G (V’Xf) ifd(/)odd 

= I v £A1 „_ m _ 1 

/ / j ^ G(V, x/) if d(/) even 


(3.10) 


We’ll only prove (13.1 0D when g?(/) is odd, since the other case and (13.9D are similar. Note that G(cV, x/) = 
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X / (c- 1 )G(V,x/). When V € and ce¥*,e = e(-c/q). Then 


d(V)=n—m— 1 


q~ 1 


E G(V, Xf )e(^f-)= ^ 


VeMn-m-l C= 1 


/ 


9-1 


= E G (^X/)Ew( c X )e(-c/g) 

c=l 

= E G (^x/)- 

VeMn-m-l 

Now by Lemma KOI G(0, x/) is nonzero if and only if / is a square (hence d(f) even). Using this observation 
together with (13.81) . (13.91) and (13.101) yields the conclusion. □ 


4 Setup of the problem 

Using Lemma 12.21 and the functional equation (12.21) , we write 

E L[\, XD )=S g + S g . i, 

D 

where 


D^'H.2g+l 


S9 E [\T\ 55 55 X/W Q E /TTT 

/£At<g V II C|/°° /l6M 23+1 - 2 d(C) feM<g V II I 

CGAt< s 


E E X/W 

C|/°° ^^A42g-l-2d(C) 

CgA4< 9 _i 


and 


Vi = E -i E E Xf(h)-q E -i 

0-1 ^ ' C\f°° h^J^i 2 g+l-2d(C) /GA4<g -1 V U I 


/€-M< 


C\f°° heM 2g +i- 2 d(C) 

C€lJA<_g 


E E x/W- 

C|/°° ^^A / t 2g -l-2d(C) 

CgA4<o_i 


Note that in the equation above, when C G we express 

1 = 2 ™ £ =ri 

C<=M q 


du , 


where ri < 1, so choosing r\ = q e , it follows that c|/“ 1 <C <? e9 - Then the term in the expression for 

C£Mg 

Sg-i corresponding to C £ M. g is bounded by 0(g s / 2< - 1+e i). We rewrite 


1 


3,-1= E YW\ E ( X/W-5 E X/W] +0(? 9/2(1+£) ), (4.1) 


/6.M< 


C|/°° \^^Al2g + l-2d(C) 

C(E A4< g _i 


hGA / t2g-l-2d(C) 
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and similarly 


s »= E ~m E E »w-i E »w tw"*")' 

fGA4< g v Cl/ 00 \^^-M2g + l-2d(C) ^^-^2g-l-2d(C) 1 

CGA / l<g— 1 

Now write S g = Sg ie + Sg j0 + 0(q g / 2 ( 1+e )) , where S g ^ e and Sg j0 denote the sum over monic polynomials / 
of even and odd degree respectively. Similarly define Sg_i, e and S g - i i0 . We focus on S g _i. When d(f) is 
odd, we use the Poisson summation formula as given in Proposition 13.11 for the sums over h in (14.11) . Then 


Vi,o = 9 2s+1 ^ E ]4j E \ C \~ 2 [ E G{V,Xf)-\ E G (V, Xf ) 

/G.M<g_i C\f°° \V £M d (f)-2g-2+2d(C) ^^-^d(/)-2g+2d(C) 

d(f ) odd C(E.M< g _i 

(4.2) 

For the term S g -i, e , we use Proposition 13.11 again. Let M g _\ be the term corresponding to the sum 
over V = 0. Note that by Lemma 13.21 G(0, X /) is nonzero if and only if / is a square, in which case 
G(0 ,x/) = <)>(/)• Write Sg_i, e = M g - 1 + Si, where 



Mg-i = q 2a+l (1 - “ J E 

/=□ 


</>(/) 

I/I* c fa. W 

C£j\A<g- 1 


E 


and 


E np- E pi 


/C ^< s -1 1^1 1 c|/“ 

d(f ) even CG.Ad< g _i 


1-2 (9-1) E G(F, X/ )- £ G(V, X f) 

V GAi<d(f)-2g-3+2d(C) V - GA1d(/)-2g-2+2(i(C) 


9-1 


E G(F, X/ ) + i E G (^X/) 


V GM<d(f)-2g-l+2d(C) 


^GA^d(/)_ 2g +2d(C) 


(4.3) 


In the equation above, let S g _i(V = □) be the sum over V square and Si[V ^ □) be the sum over V 
non-square. Then Si = S g -i(V = □) + Si(F ^ □). 

When V = l 2 , we write 


S g -i(V = □) = q 2g+1 


E 


I/I- 


E m 


-2 


feM<g _! 1^ I c\f°° 

d(f) even CgA4 < 9 ~i 


(9-1) 


E G(/ 2 , X/ )- £ G(Z 2 , X/ ) 


9-1 


E 


G(l 2 ,Xf) + 


lG .Ad (iff) 


E G ^ 2 ’X/) 


zeAt 




g-l-M(C) 


zgai 


<4U4- s -l + <i(C0 


ZG.Ad f) 

^U2_g + d(C) 


(4.4) 


Similarly define S ff (V = □). We’ll evaluate these in section [HI Note that in equation (14.21) . when d{f) is odd, 
d{V) is also odd, so V cannot be a square. Define S g -i(V ^ □) = S g _i i0 + Si(V / □). Similarly define 
S g (V ± □). We’ll bound S fl _ i{V ± □) and S g (V ± □) in section^] 

Remark 2. One way of explaining the term of size q 2g / 3, in the asymptotic formula is by looking at those G 
with d(C) = g — d{f)/ 2 in (14.41) . Then we have 1 = 1, and G(l, Xf ) is nonzero if and only if / is square-free, 
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in which case G(l,Xf) = i/i/I- Since we are summing over C\f°° with d{C) = g — d(f)/ 2, when C is 
square-free, we must have that d(C) < d(f). Then d(f) > 2g/3, which would contribute a term of size q 2g G 
in the formula (14.411 . We’ll evaluate the term (|4.4I) in section El using analytic methods, so the ranges in 
which we sum will be less transparent. 


5 Main term 

In this section, we evaluate the main terms M g and M g _ i. Recall that 


M f j = q 2a+1 ( l - - ) £ 


<Kf) 


E 


i 


fe M<9 \f i* cir- |cr 

/=□ CGM<g- 1 


(5.1) 


and a similar expression holds for M g _i. 
Note that for any / and any e > 0, 


v 1 ^ 1 v 1 / 1 tt (, 1 y 1 


C\f 
d(C)>g 


C\f 
d(C)>g 


If now the degree of / is at most g, then the product above is -C q 9£ (since q is fixed, and g is large). Thus 

E = E =n (i - i4)~'+ 


i C p ^ jap 

ci/” 1 1 C|/“ 1 1 

cex< 9 _ i 


P\f 


Write / in (15.11) as / = l 2 and use the relation above. Thus 


M g = q 29+1 (l- 


7 2#+l 


C(2) 


y ) e yy-yy ^ 

y igm< [IL] 1 1 p\i 11 

£ ^n(^L) + ^ 

LeM <[%) P ' 1 


(5.2) 


Below, we shall frequently make use of the following observation, which may be viewed as the function 
field analogue of Perron’s formula. If the power series a ( n ) zH is absolutely convergent in \z\ < r < 1 

then 


N AC °o 

S“ ( " ) = 2s/ (E »(»)*") T 

n= 0 J \ z \~r n = 0 


-N -1 


— Z 


-dz. 


(5.3) 


Using (15.31) in (15.21) we obtain, for r < 1/q, 

q 2g+1 1 f 


M g = 


C(2) 2iri J |„| =r 


E.<^n(dqp|) 


leM p\i 


( qu ) du 
(1 — qu) u 


+ o( q y. 
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Now, by multiplicativity, we may write 


£»«n(T^p)=n( 


1 + 


ap) 


leM p\i 


1 + \P\ 1 - U d ( P ) 


^ = Z(u)C(u) = 


C(u) 

1 — qu 


where 


c(u )= n ( 1 _ 


,d(P) 


r l + l^l 

From its definition (15.41) we see that C(u ) is analytic in \u\ < 1, but we may further write 

7 AP) 


C{u) = Z(u/q) ^ ( 


1 + 


(l + |P|)(|P|-M d ( p )) 


(5.4) 


(5.5) 


which furnishes an analytic continuation of C(u) to the region |u| < q. 
From these remarks we conclude that for any r < 1/q 


M n 


q 2g+1 i r (gu) 111 dll 

~W)2ri J H=r (U \l -qu) 2 ~ 


0(q e9 ), 


(5.6) 


and similarly 


Mn -1 


q 2g+1 1 r (q U ) I ® 2 1 1 du 

C(2) 2m J M=r (1 - qu) 2 u 




(5.7) 


The integrals in (15.61) and (15.71) have double poles at u = 1 /q and evaluating the residues we can obtain 
asymptotics for M g and M g _\ with an error term of size qP +e ^ 9 . We leave the expressions for M g and M s _i 
in the integral forms above, since we will show in the next section how it matches up with other main terms 
leading finally to an asymptotic formula with an improved error term. 


6 Contribution from V square 


In this section, we will evaluate the terms S' s _i(F = □) and S g (V = □). Recall from section [|] the formula 
(14.41) for S g _i(V = □). The next lemma is the main result of this section. 

Lemma 6.1. Using the same notation as before, we have that 


Vi(V = D) 


q 2g+1 i 

C(2) 2 Vi 



(qu) du 
(1 — qu) 2 u 


+ q 2 -^Pl(g) + 0(q 9 ^ 1+ ^), 


and 


S g (V = D) = - 


? 2g+l 1 


C(U)^U21 — + ,^p M + o(« 


C(2) 2-77* J\u\=R (1 - qu) 2 u 


with 1 < R < q, and 


C(u) = ( 1 - 


u d < p > 

\P\ + 1 


Further, Pi and P 2 are linear polynomials whose coefficients can be computed explicitly. 
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Before we prove Lemma 16.1 1 we need the following results. 


Lemma 6.2. For \z\ > 1 /q 2 , let 


Then 


where 


b(z,w)= wd(/) n 

feM p\f 


1 

|P| 2 z d ( p ) 



.dm G(!\x S ) \ 

vm )' 


B(z,w) = Z(z)Z(w)Z(qw 2 z)Y\Bp(z,w) 

P 


w d ( p )-( w 2 z) d ( p ^\P\ 2 -(wz 2 ) d ^\P\ 2 + (w 3 z 2 ) d ^\P\ 2 + (w 2 z) d ^\P\-(w 3 z) d ^\P\ 
Bp{z,w) = 1 +- »d(P)|p| 2 _ 1 - 

Moreover, lip Bp{ z ,w) converges absolutely for |w| < g|z|,|u>| < 1 /y/q, and, \wz\ < 1/q. 

Proof. We rewrite 


B(z,w) = 


7 d{i) 


ieM 


E 

f&M 


v dU) G ( l2 ^f) IT 

V\f\ P ff 


1 - 


1 


\P\ 2 z d ( p ) 


-l 


Recall Lemma EOl which evaluates G(V, Xf) (a multiplicative function of /). Using this and an Euler product 
computation, it follows that 


ku V\T\ 


i 


\p\2 z d (P) 



W 


2d{P) 


1 - 1 
jfpzyipy 


[](1 - w d ( p )) 1 + - 

p\l \ 


E 


( q 2 z ) d ( p ) i= 1 


w d ^G(l 2 , X pY 
\pm ' 


( 6 . 1 ) 


Now we introduce the sum over l and using Lemma l3.2l again and manipulating Euler products, the expression 
for B(z, w ) follows. The absolute convergence of J} p Bp(z, w) follows directly from the expression of Bp{z, w). 

□ 


Using Lemma 16.21 and an Euler product computation, we get the following. 
Lemma 6.3. Using the previous notation, we have that 

~[\Bp{z,w) = Z Z(w 2 )~ 1 Y['Dp{z,w), 


where 


T>p(z,w) = 1 + 


(|p| 2 2 ,i(P) _ -p w d(P)^ 
+ (w 3 z) d ^-\P\ 2 (w 2 z 2 ) d t p A. 


- w 2d ^ - 


,,3 d(P) 


+ 


w 


d(p) 


\p\2 z d ( p ) 


\P\(w 2 z ) d + ( w 2 z ) d(p > - \P\ 2 (wz 2 ) d ^ 
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Moreover, n p vp{z ,w) converges absolutely for |u>| 2 < g|z|,|iu| < g 3 |z| , |tt;| < 1 and \wz\ < q . 


Proof of Lemma \6.1\ We now turn to the proof of Lemma RTT1 Recall the expression (14.41) for S g -i(V = □). 
We use (15.31) twice to express the sums over l as contour integrals. Then 


s g - 1 (v = a) = q 2g+1 - 


27rz 


E |7| E ]^2 (E ; 

l S |- ri feM<g-! ' c\f°° 1 1 \l£M 

d(f ) even C(E.M< g _i 


d(i) G ( l2 >Xf)\ (g-~ !) 


1- ) dz, 


V\T\ J (1 - z)z^+ d W-9 V QZ 

( 6 . 2 ) 


where we can pick n = q 1 e . We have 
1 


|(7|2^(C) E |c|2 2 d(G) E |c<|2 2 d(C) II f 1 ip|2 2 d(p)) E icp^cy ( 6 ‘ 3 ) 

C|/“ 1 1 C|/°° 1 1 C|/“ 11 P|/ V 1 1 7 C\f°° 1 1 

CeA1< 9 _i d{C)>g d{C)>g 


E 


-i 


Then we can write the integral (16.211 as a difference of two integrals. We claim that the second integral, 
corresponding to the sum over C with d(C ) > g , is bounded by q3/ 2 P+ e \ With the choice r\ = 1 /q 1+e , and 
using a similar argument as in section [5] to bound the sum over C with d(C ) > g, we have 


E I C12 2 d(C) 
c\f°° 1 1 

d(C)>g 


<C q 


9^~9 


Using the fact that \G(l 2 ,Xf)\ = G(l 2 ,Xf) and that for l fixed, G(l 2 ,Xf) is °f size \/\f \ on average (which 
follows from the proof of Lemma m , we have 


\' 1 G(l 2 ,Xf ) \' _J_ 

,,, /TFT Z-^ IP7|2 r c 


viTi cfr- i c i v<C) 

d(/) even d(C)>p 


< 


s/2(l+e)+ge-9 


Since YlieM Z<1 ^ converges when \z\ = ri = q 1 e , it follows that the term corresponding to the sum over 
d(C) > g is bounded by q3/ 2 G+ e ). Then 


s g - 1 (v = a) = q 2 ° +1 ^ 


{qz- l)z g (l-±>) 


(1 ~z) 


E 


i 


■no- 


i 


>) _1 (E 


„ d «) G(l 2 ,Xf) 


\f\ z ^ p\ f v im d(p) ^ vITT 

d(/) even 


27r * 7 kl=^ 

+ 0(<f /2(1+e) ). 

Using a variant of (| 5.3 1) and Lemma [6721 we have 

/ a \ 2 r r (qz — l)z B (l — I3(z,w) 

Sg-^V = a) = q 2g+1 (—) (f) <t —-—- ^dw + Q( g g/2(1+e) ). 

\Zm J J\ w \- T2 /| z | = ^i_ u>(l — z)(l — q 2 w 2 z)(q 2 w 2 zf 2 J 


(6.4) 


dz 
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Note that by Lemma 16.21 we must have r 2 <l/q and by (15.31) . \q 2 w 2 z\ < 1 (since |u>| < 1/q and \z\ < 1, this 
is already satisfied.) Again by Lemma lfi~2l 


S g . 1 (V = D) = -q 29+1 
Using Lemma 16.31 we get 
S g -x(V = n) = -q 2a+1 


1 


z9 i 1 ^^) Up b p( z > w ) 


„ . , „ „ — r dzdw+0(q 9 ^ 1+ ^). 

2niJ f\ w \ =r2 T\ z \=_^_ w(l — z){\ — gu>)(l — q 1 w 2 z) 2 {q 1 w 2 z)^ 2 I 

(6.5) 


( — 

V 27n 


(l - (! - qw 2 )Yl P Vp{z,w) 


\w\=r 2 J\z\=^^ w( 1 — z)( 1 — qw) ^1 — (1 — q 2 w 2 z) 2 {q 2 w 2 z)^ 


dz dw 


0 ( q 9/ 2(i+«)). 


We shrink the contour \z\ = to |,s| = 1/q 3 / 2 , and we don’t encounter any poles. Then we enlarge the 

contour |w| = to \w\ = q~ 1 ^~ e , and we see that we encounter two simple poles, one at w = 1/q and one 
at w = qz. The pole at w = 1/q will give a term of size q 9 , which will match the contribution from the main 
term, and the pole at w = qz will give the term of size gq ^ 2g+1 ^ 3 . 

Remark 3. Note that in equation (16.41) above, we have flexibility in the way we shift contours. An alternative 
way is to first shift the contour |u;| = r 2 in (16.41) to |tu| = q~ 2e , encountering a simple pole at w = 1/q and 
a double pole at w 2 = l/(q 2 z). We evaluate the pole at w 2 = l/(q 2 z), and then shift the contour in the 
integral \z\ = q~ 1 ~ e to \z\ = q~ 3 / 2 ~ e , encountering a pole at z = <? _4 ^ 3 , which will give the term of size 

gq(2g+l)/3 

Now we evaluate the residues at w = 1/q and w = qz, and write S g -i(V = □) = A+B + C+0(q g / 2< ' 1+e )), 
where 


A=-q 29+1 — 

27ri 


N=- 


z9 ( 1_ -k) n P Bp( z ,i/q) 

(1 - z) 3 z [V 1 ] 


dz, 


B = - q 2g+1 — 


C = -q 2g+1 


1 

2ni 


(l-q 3 z 2 )Yl P Vp(z,qz) 
-—-—- dz 

2tt* J| 2 |=_^. (1 — z)( 1 — q 2 z)(l — ( 7 4 2 3 ) 2 (< 7 4 ^: 3 )[ £ 2 1 1 

z9 ( X - (! - q™ 2 ) YIpVp(z, w) 


l\ w \=S^J\z\=- 
Using Lemma T6.31 note that 


jj 2 u>(l — z) ^1 - (1 - qw){ 1 - q 2 w 2 z) 2 (q 2 w 2 z)[ 3 2 1 'l 


( 6 . 6 ) 

(6.7) 

—^dzdw. (6.8) 


g 9/2(1+e) . 


(6.9) 


Now we focus on evaluating the term A , given by (16.61) and then we will compute B and show that it is 
of size gq 2g / 3 . 

Since [g/ 2] + [(g — l)/2] = g — 1, we rewrite 


A = -q 2g+1 - 


2-rri 


,!+[§] (l-±)n p Bp(z,l/q) 


Ul=-^7i 


( 1 - 2) 3 


dz. 
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Now make the change of variables z = l/(qu). Then the contour of integration will become the circle 
around the origin |rt| = y/q and by Lemma 16.21 note that YlpBp{l/{qu),q) has an analytic continuation for 
q~ 2 <\u\ < q. We have 


A = -q Z9+L — 
2m 


d-»)npBp(i i) ( 1 - 


«1=\A; 


(1 — qu) 2 (qv,y al 


du 

u 


Since l-u = Z(u/q) 1 = U P (l - and (l - i) = Z = lip (i ~ Jp\^pj ) ,byanEuler 

product computation, we get that 


(i- U )n«p 

p 


i i 

qu q 



C{u) 

C(2)’ 


with C ( u ) given in Lemma 16.11 Then 


q 29+1 1 f C(u) du 

C( 2 ) 27ri f\ u \=^q (1 — qu) 2 (qu)^ u 


( 6 . 10 ) 


Now we focus on the term B given by do, which corresponds to the pole at w = qz. From the expression 
(EH), we see that the integrand has a double pole at z = q 4//3 . By Lemma ItHfl Y\ p Vp{z,qz) is absolutely 
convergent when 1/q 2 < \z\ < 1/q. Then 


B = Res(z 




z g ( 1 - q 


1 * 1 = Jr ( 1-«)(1 


*z 2 )Yl P Vp{z,qz) (l-^) 
----— dz 

— q 2 z)( 1 — g 4 2 3 ) 2 (g 4 2 ; 3 )[ £ T i -1 


and note that the second term above is bounded by 0(q 9 ^ 2< ' 1+e ^). Then 


B = q 2g/3 Pi(g) + 0(q 9/2(1+e) ), 


( 6 . 11 ) 


where Pi is a linear polynomial whose coefficients can be computed explicitly. Combining equations (16.91) . 
(16.101) and (|6.11[l . we find the expression for S g -i(V = □) in Lemma l6Tl The formula for S g (V = □) follows 
similarly. To be precise, we compute the term of size gq 2ff / 3 and rewrite it as 

Q^PiiQ) + cf^Piig) = q^R(2g + 1 ), ( 6 . 12 ) 


where R is the linear polynomial 


R(x) 


C(5/3)C(7/3) tt J_\ * 

9q 2 / 3 C(4/3) 2 P \qR3 ’ gl/3 J 2 


C(7/3) /_ 5 

qp 3 V 2 


g 4/3 \ 


2q^-2q+ 


Moreover, 

ub ( 1 M - n{-\ i p i 4/3 + i p i 2/3 + i p i 1/3 + M 

11 p { q ^ q l/s) (|P| 4 / 3 + |P|) 2 ) 


2 i&lYlpVpizM 

<? 4/3 Y[ P Vp{z,qz) ^ 

(6.13) 


17 


















and 


?7ff7ElIp®p(*.9*) ^ d{P){\P\ - l^Pl 1 ' 3 + 1) 

Up V P {z, qz) '' 2 '=^ ^ (|P|V3 - 1)(|P|V3 + | P |)2 ' 

□ 


7 Error from non-square V 

In this section, we will bound the terms S g (V ^ □) and S g -±(V ^ □) by qs/ 2 ( 1+e \ Recall from section [4] that 
S g -i(V ^ □) = S g - i i0 + 5i(R ^ □), with S g - i j0 given by (14.211 and Si(V ^ □) the sum over non-square V 
in equation (14.31) . We’ll prove the following lemma. 

Lemma 7.1. Using the same notation as before, we have 

S g -l(V ^ □) < g s/2(1+e) 

and 

s g (v ^n) 4 :q s/2ll+e) . 


Proof. We will focus on bounding S g - i, Q . The term Si (V □) is similarly bounded. In equation (14.21) . 
write S g ~ i,o = Si,o — S 2 ,o, where S i >0 corresponds to the first sum over V with d(V) = d(f) — 2g — 2 — 2d(C) 
and *5*2,0 corresponds to the sum over V with d(V) = d(f) — 2g + 2d[C). Let n = d{f) and i = d(C). Using 
the fact that 

W = ^ $u\= ri 9 2 ^ +i np|/(i-^ (p) ) du ’ 

CeMi 

with r i < 1, we rewrite 


sx, 0 =q 29+1 vq^- 6 E«" 

2m r H=ri 


n odd 


9~ 1 

E 

i=g+ 1 —’ 


1 


q 2l u 


i+ 1 E 

VeM„-2g-2+2i feM„ 


E 


G(V, Xf ) 


p\f 


A p ) 


du. (7.1) 


As in the proof of Lemma l(U?l if we let B(V; r i 


*)= E 

feM 


d(f) G(V,Xf) 


vmik 1 - 

P\f 




we have 


B(V ; w, u) = C(w, xv) 

p\v 


1 + 


(T) (, aw ) d ( p ) 
1 - u d ( p ) 


(7.2) 

Let Bp(V;w,u) be the P-factor above. Note that Up Bp(V',w,u) converges for \wu\ < 1 /q, |w| < 1 /yfq and 
|tt| < 1. Now choose |u;| = g -1 / 2-6 and |it| = n = q~ e and let k be minimal such that \wu k \ < l/q. Then 
we can write 


B P (V; w,u) = C(wu,xv)£{wu 2 ,xv) ■ ■ ■ ■ ■ C{wu h 1 ,xv)C(V;w,u), (7.3) 

p\v 
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where C(V ; w, u) is given by an Euler product which converges absolutely when \w\ = q 1 / 2 e and |u| = q 
Now we have 


V G(^X/) _ 1 ) 

vi7in^- ud(p) ) wn+1 


(7.4) 


p\f 


with F a circle around the origin. In equation m, when |tu| = q 1 / 2 e and |u| = q 
Yl P \ v Bp(V',w,u) <C \V\ e . Combining equations (17.21) . (17.31) and (17.41) . it follows that 


note that 


G(V,Xf) 

/&„ v17lII( 1 - ud(P) ) 

P\i 


« q n/m+t) | C(w, X v) ■ ■ ■ • • C(wu k ~\xv)\ |U| e . 


(7.5) 


Using Theorem 3.3 in [2], for a square-free polynomial D of degree 2d or 2d + 1, we have 

From the proof of Theorem 3.3, it also follows that if |wj| < g- 1 ! 2 , then |T(ui,xd)I £ e 1 + 4 ' 2 y j n 

equation m, note that the degree of V is odd. Then writing V = AD 2 , with D square-free, we relate 
C(w,xv) to C{w,xd) and get 


n-2g + 2f 

\C(w,xv)\ <C e 21 ° g f ( " /2-! ' +i) 


+4y^ q(n—2g+2i) 


Using the same bound for each £,{wu 3 , xv) when j £ {0,1,..., k — 1} and since d(C) = i < g — 1, from 
equation (17.51) and the above it follows that 


E 

f£M n 


G(V,Xf) 

P\f 


< g "/2(l+e)|V|*. 


Using this in (ED and trivially bounding the sum over V, we get the desired bound for Si, 0 . Similarly 
£ 2,0 q g / 2 A+ e ) an d then the conclusion follows. 

□ 


8 Proof of Theorem 11.11 

Now we combine the results from the previous sections to prove Theorem ll.il We have 

E L (i’Xd) =M g + S g (V = D) + S g (V^a) + M g _ 1 +S g - 1 (V = D) + S g . 1 (V^a). 

D€'H,2g+l 
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Using Lemma 17. 1 1 S s _i(V ^ □) <C g ff ( 1 / 2 + e ) and S g (V ^ □) -C gs/ 2 ( 1+e ). Combining Lemma [(Til and 
equation (15.61) gives 


_ q 2g+1 1 f C(u) du g 2g+1 1 f C(u) du 

C( 2 ) 2m? Mear (l-qu)*(qu)m u C( 2 ) 27ri J\ u \- R (1 - qu) 2 (qu)^ u 

+ ^Pi(5) + 0(<7 3/2(1+£) ), 


where r < 1/q and 1 < R < q. 

By (15.51) and the remark in section[5l C(u) has an analytic continuation for |it| < q , so between the circles 
|it| = r and |u| = R , the integrand-—rg-j— only has a pole at u = 1 jq. Then 

(1 — qu) 2 (quy'^ i u 


g 29+1 1 r C{u) du q 2g+l 1 f C(u) du 

C(2) 2ni J\ u \= r (1 - qu) 2 (qu)^ u C( 2 ) 27T* J\ u \- r (1 - qu) 2 (qu)^ u 


q 2 9+1 

w 


Res(l/g). 


We can easily compute the residue at u = 1/q, so 


M g + S g -i(V — □) — 


7 2p+l 


C(2) LVL2J 


([f] + 1 ) C(1) 


+ 


C'( 1) 
log q 


+ < f^ Pl {g) + 0{q^ 2 ^), 


where C(s) = C(u ) with the change of variables u = q s . In the same way 


M g . 1 + Sg(V= □) = 


„2p+l 


C(2) LVL 2 J 


g -1 


+ i C(l) + 


c'{ i) 


log g 


+ q ^P 2 {g) + 0(q^ 1+ ^. 


Putting everything together and using equation (10.121) . Theorem 11.11 now follows. 


9 Removing the primality condition on q 

Note that in the proof of Theorem 11.11 we assumed that q is a prime. We can remove the condition on q 
being a prime, but some changes need to be made in sections [3] and [6] 

Let q = p k with p prime and q = 1 (mod 4). Then following [9], for a € F g ((l/a;)), we define the 
exponential by 

/ s / Tr F,/F p ai\ 

e(a) = -^7’ 

where aq is the coefficient of 1/x in the expansion of a. Then the Poisson summation formula (13.11) when 
d(f) is even still holds. When d(f) is odd, keeping the notation of Proposition 13. 11 we have 

Xf{g) = TjTT(q) G (V’Xf), 

gdMrr, 1/1 V&Mn-m -1 


where r(q) is the Gauss sum 


9-1 


r (<?) =J2xf{c)e( 


Tr F„/F p C 


By the Hasse-Davenport relation (see [10], chapter 11), the Gauss sum above is r(g) 


(—1 ) k ~ l T(p) k , where 
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r(p ) = J^c=i X/( c ) e (f ) is the usual Gauss sum and r(p) = yfp if p = 1 (mod 4), r(p) = iyjp if p = 3 
(mod 4). Note that \r(q )\ 2 = yjq. Since q = 1 (mod 4), we have that r(g) = Zy/q (T~(q) = —yjq exactly 
when p = 1 (mod 4) and k is even, or when p = 3 (mod 4) and k = 0 (mod 4)). 

When q = p k , the other difference in section [3] is in Lemma I5~2I for the value of G(V, \pi) when i = a + 1 
is odd (where P a is the highest power of P dividing V .) In this case, 

Q(v f (£) IPY^IP ] 112 if d(P) even 

lXP ' {(^)\P\ 1 - 1 \P\ 1 / 2 ^ t (q) if d(P) odd. 

For all the other values of i, G(V, \p t) has the same expression as given in Lemma fl}.21 

If r(q) = yjq, then all the computations in section [U] remain the same. If r(g) = —y/q, then some 
changes need to be made in section [6] The function J3(z,w) defined in Lemma 16.21 is now B(z,w) = 
Z(—w)Z(z)Z(qw 2 z)C(z,w) : where C(z,w ) is given by an Euler product that is analytic in a wider region. 
The computations will be similar to those in section [Gl and we do not carry them out here. 
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